MATH 1132Q
Module |V Review




Arc Length Aka P y)

As a function of x: As a function of y/

S= 1+ (F(@) da

» What does this formula mean?

> Arc length is essentially
the sum of an infinite
amount of tiny line
segments along a curve

» Can be expressed as a
function of x ory,
depending on which
results in a simpler
integral




Arc Length - Example

b 2 d 2
S:fa\/l—l—(f’(zc)) dzx S:fc\/1+(g—z) dy
> Find arc length on the curve y:mz/?’ from x =0 tox = 8.

You could try plugging this function into the f’(x) formula, g_ * 1 4 ~2/3 4
but you’ll end up with a no-so-fun integral to evaluate > A i 9" v

So, try rewriting the function 92/3 3/ \2 _..3/2
with respect to y instead and Yy—x / > Y= (\/5) — L =Y
plug into the f’(y) formula >

A Remember to change bounds when switching WRT x toy 4.

Whenz =0,y =0

—> Newbounds:y=0,y=4
Whenz = 8,y = 8%/% =4




Arc Length - Example continued

2
szfj\/1+ (g_y) dy
Now that we are in terms of y, we can find f’(y)
and plug into formula

p=y? . _Sap s = \/1+ (3y1/2)? dy

dy 2
Simplifying: N
_ ! 9 d 4 10
S_/O\/1+Zyy > S:_f Vudu
9 1
This integral can be evaluated B 4 2 [ 3/2] 10
with u-sub, where: =~ 2 |u
9 3 1
9
y=4=u=10 :_( 3/2 )
du = %dy o7 (1077 —1

J



Parametric Equations

> What are they?
> Equations that describe curves that can’t be described by x & y only
> Introduce a third variable, t (think t = time and x & y = position)

» How do they work?
> For PE’s, x & y are functions of a parameter, t
» For each value of t, you get a corresponding point ( (x(t), y(t) )
» Aninterval of t values (like t = [1, 3]) produces a parametric curve

Parametric curve in R® Coordinate Functions

Parameter, t




Parametric Equations - Example

> Consider the parametric curve: (x,1y) = (tz, 2t3), 0<t<1

Write x in terms of y
(i.e. eliminate the parameter t) / \
= X(t) =

y(t)

“Eliminate t” means to solve for t using
either x(t) or y(t) and substitute it into

the other function. o3 . Yy 3 y 1/3
y = 2t 5 t t = ( )

Let’s start with y(t), solve for t, and
plug result into x(t).

(@) )"




Rotational Parametric Curves
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Rotational Parametric Curves - EXx.

» Find the parameterization of a circle with a center (1,2)
radius 5, oriented clockwise, with initial point (-4, 2)

For circles, always r=nh + rcost r =1+ 5cost
start with these &

. -
plug in the center Yy = k+ rsint Yy = 2 + 5sin t‘
and radius:

Next, we deal with the initial point. A circle
centered at the origin has the initial point
(1,0), so in this case the default initial pointis 1 4 5cost = —4 = cost = —1 What value for t do these

(6,2). We need to change that to (-4,2). ) . ,
24 5sint =2 = sint =0 cases both occur at?

To do this, we set x & y equal to the From unit circle, t = n
coordinates of the desired initial point (-4,2). t st

Now that we have our t value to shift
our initial point, all we have left is
our circle orientation. By default, the \

circle is oriented CCW. To make it go .’I)(t) — 1 + 5 COS(t + 7-‘-)’ y(t) ) i 5 sin(t -+ 71-)

CW, we can negate the sin(t) term.

Sign flipped to make CW




Calculus with Parametric Curves

» What is the slope of a parametric curve?

Problems you may encounter:
» Find equation of tangent
line on parametric curve

dy dy o Horizontal tangent occurs when this = 0

dt » Find direction of increasing
— d t values
daj ax » Find coordinates of points
dt " Vertical tangent occurs when this = 0 where parametric curve is
horizontal/vertical
Equation of a tangent line: \
Treat these like basic Calc |
y — yO — m(a’} — xo) problems—only this time there
\ is a third variable “t”!
/ N \
dt X(t)
t at
y(t) e

dt



Polar Coordinates

» What’s the point?
> Polar coordinates are simply another way to express coordinates that
makes dealing with circular or rotational situations much easier
» Think: Cartesian coordinates (x, y) = Linear “language”
Polar coordinates (r, 8) - Rotational “language”

P(r, 8)

Convert Cartesian to Pola

y=pFand

note: may need to add 1

x=rcost



Polar Coordinates - Example

» Find the equation of the tangent line to the graph sun
r = 3sin(20) when 6 = /4

Looking at the graph (and given

the problem), we are in polar = T COS 9 r =3 Sln(zg) COS 9
coordinates. Before we do . - . .
anything, we must switch from Yy = Trsin 0 Yy = 3 sm(29) sin 6
cartesian to polar using:
Knowing the equation of a tangent «0 — 3sin (2 . E) cos (f) — 3sin (I) cos (I) —301) v2) _3v2
line, we must find y0, x0, and m. 1 1 a 2 4) 2 /] 2
y_y():m(w_xo) 0 — 3si 211' LT /TN . /T V2 3v2
Let’s find yO and x0 at @ = n/4: yo = asm ( ) Z) st (Z) = 3sin (5) St (Z) =3(1) 2] T2 \
‘ :
. Derivative of y 3- 3& - =\ (.x_ 3.@)
with resp. to 0 . | - 2
Finally, let’s find the slope é ds/d& P d Product rule: | Z ;
value at © = m/4 and plug it m= > = Ix L —[f()g(x)] = fFC)g (x) + f(x)g(x)
into the tangent line equation: & 7 d8 —— Derivative of x dx

with resp. to 6

0
Z—g = 6cos(26) sin§ + 3 sin(28) cos 6 :&;}@/%{(Ejhin (2%) sin( ) «/
0 =m/4, so 0 %:%%2/_1’%.:-!
T . T T -2.1-V2/2 +
% = 6 cos(26) cos @ — 3sin(26) sin - M+35m (2' 4) cos (Z) 6

13



Area in Polar Coordinates

1 [P )
A= / (£(8)) do

T2:£U2—|—y2

T = rcosb@

y =rsinf




» Find the area of the polar region r = cos(20)
(=1(0))

g
1

2

r’dd —_ B

A

a

B
[ cos®(26) df

*But what are the bounds? This one
is tricky—we must recognize that
the geometry of this curve provides
a certain symmetry that will allow
us to use a shortcut.

Here’s the shortcut:

We use 0 to n/4 as our bounds and
multiply the entire integral by 8, since
there are 8 identical “slices” (shaded
with scribbles) within the total area.

[ 6082(29) df, which represents the entire a
0

1
Sonowweget: A = 8. —

1+ cos(40)

Using the identity cos®(26) = 5

.y
0

to simplify, we get:

El

a

(14 cos(40)) d Splitting the integral

and evaluating we get:

___
>

Area in Polar Coordinates - Example (Single Curve)

*Remember that since
cos composes the

function, our initial point |
is (1,0), going CCW.

rea of r.




Area in Polar Coordinates - Example (Intersecting Curves)

> Set up the integral used to find the area inside of the I 0 =m/3
polar curve r = 5cos(0) & outside of r = 2 + cos(0). r =2+ cos()

First: Identify which function is which by plugging in a value for 6
into each curve and comparing with the graph (ex. 6 = 1)

Then: Identify area of interest (shaded with scribbles) and the
intersection points on the graph

Next: Set the curves equal to 5cosf = 2 + cosd

one another and solve for 0. 1
4cosh =2 = cosb = 3

N\

* Where does cos =
n? At 0 =mn/3, 5n/3

Setup:

1 B
A:i/a r? do

Area between curves = large curve - small curve

/3
f [(5cos6)* — (2 + cos0)*] df

1
2 —/3

so, 1 /3 X 1 /3 )
Shaded Area = red curve - blue curve —» — (5cos0)*df — — / (2 + cos 6)° db
2 —7/3 2 —/3




Good luck
studying!

»
L

<t



	Slide 1: MATH 1132Q Module IV Review
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15

