MATH 2410Q — Solving Basic Differential Equations

Hey hey y’all, it’s Akeva! I’'m going to be over some of the preliminary ways to solve differential
equations. Previously, we only focused on solving equations indirectly with solution curves or
taking given general solutions and specifying them to initial values. Now, we’ll be going over the
following topics:

e Separable Equations

o Solution by integration
e Linear Equations

o Standard form

o Integrating Factor
e Exact Equations

o Solving exact equations
e Solutions by Substitution

o Bernoulli Equations

To set up this document, as my other guides, underlined words are sections, italicized words are
subsections, red refers to definitions, and purple are for problems I do.

Separable Equations

Definitions

Before we dive into solving these equations, let’s define what a separable equation is so we can
recognize it more easily. Separable equations are first order ODEs which are solvable by
rearranging terms to separate variables. Overall, their forms are the following:

dy
— = (90

This can be rearranged such that:

1
——dy = f(x)dx
9)
This happens because we can almost treat the derivative are a separable numerator and
denominator.

In this way, we can solve the differential equation to either get an implicit or explicit solution. An
implicit solution is one that is not in the form y = y(x), while an explicit solution follows that
form. I think the best way to show these concepts are through problems so I will do a couple that
will further practice concepts we went over such as IVPs and intervals of validity.



These examples will come from the Paul’s Online Notes:

The first problem is “Solve the following differential equation and determine the interval of
validity for the solution”.

dy

1
— = 6y? 1) = —
-y vy

25

Let’s separate the variables, since we have confirmed that y and x are related through
multiplication.

1
de = 6xdx

Now, we take the integral of both sides:

1
fﬁdyzf&cdx
]y‘zdy=]6x dx

1 2
_;+C1:3x +C2

1
——=3x?+C
y

You can just essentially combine the two constants as they would just be a single constant,
regardless of their values. And note that the form above is implicit because that is not in the right
form. Now, let’s determine C for the initial value given.

1
- =31)+cC
25
—25=3+C
C =-28

Now, we can plug it in that equation and find the explicit form:

1
——=3x%-28
y

1
(28 —3x% = —)
y

-1


https://tutorial.math.lamar.edu/classes/de/separable.aspx

1
28— 3x2 7
We now have to determine the interval of validity. Since we have a denominator, let’s focus there
first. Let’s set the denominator equal to zero:

28 —3x2 =0
3x% =28

28
2 _
XT3
|28
XT3

Therefore, the intervals we have consider are: <—00,— \/2;8>,<— \/23}, \[23E>,and ( \/2;8,00)

Based on the initial value given, we see the interval with 1 is, <— /23—8, \/?), making that the
interval of validity.

Awesome! Let’s try another problem to solidify the above technique. I’ll choose something a
little harder.

“Solve the following IVP.”

d
d_3t, =eVtsec(y)(1+t?*) y(0)=0
Notice, how there is no x, so we have to separate y and t. You will know by just looking at how

the derivative is defined. Okay, now let’s separate derivatives:

d
Y evet sec(y) (1 +t?)
dt
_ _dy=et(14t})dt
eY sec(y)

Perfect! In this case, both sides look really ugly to solve but let’s address them one at a time.
Let’s simplify the left-hand side (LHS) by using a reciprocal trig identity:

sec() = )

e Ycos(y)dy = e t(1+ t?)dt



That got rid of the fraction, but we can’t readily take the derivative with any basic techniques.
Based on the fact that both sides are based on functions of y and t (that are not one power away
from the other) for the LHS and RHS, respectively, we can use integration by parts. As a
refresher, integration by parts takes the form:

fudv=uv—jvdu

Now, we apply this to our situation on the LHS:
u=e”, dv=cos(y), du=—e™, v =sin(y)
e Y sin(y) — f —sin(y)e™ dy

I chose dv to be the cosine term because, I know that the derivative of an exponential is just itself
over and over. However, with the cosine, the derivative needs to be taken twice to get the cosine
term back. This will be helpful when solving this kind of integration by parts. As a rule of thumb,
if you see an exponential and a sine or cosine, set dv (both times, hint hint) to the trig term. Here,
we will need to do another integration by parts (I know, our favorite), where parts are defined as:

u=e”Y, dv=-sin(y), du=-eY, v=cos(y)

e Y sin(y) — [cos(y) ey — f —e ™Y cos(y) dy]

e Y sin(y) — [cos(y) eV + j e~ cos(y) dy]

Now, we see the last term is what we started with. If you remember, technically, the last equation
is set equal to that term, so:

j e cos(y) dy = e sin(y) — [COS(y) e + j e™” cos(y) dy]
Now, put the repeating terms on one side:
Zf e Y cos(y)dy = e ¥ sin(y) —cos(y) e™

e Y sin(y) —cos(y)e™
2

Je"y cos(y)dy = + C;

Okay! Now, we have the integral for the LHS. Let’s do the RHS now. Try the process on your
own first and then check with my work!



f e t(1 +t?)dt

u=1+t?, dv=et, du=2t, v=—-et

I chose u to be the polynomial term because ultimately, we will take the derivative of it for the
inner integral, which reduces it power. Since we are constantly reducing the power of the
polynomial, we will eventually get it down to a power of zero, making us not run into an infinite
loop of integrals. Just use this as a rule of thumb.

—(t*+1)et - f —e t(2t) dt

We need to do another integration by parts, just as we did previously:

-t

u=2t dv=—-et du=2 v=et

—(t?+ et - <2te‘t - j 2et dt)

The integral inside is something we can solve with basic integration techniques, so let’s do it!
—(t?+ et — (2te”t — (=2¢7Y))
—(t?+1)et—(2te ' +2et+C,)
—(t?+1)et—(Qte ' +2et+C,)
—t?et—et—(2te Tt +2e7t+ ()
—tlet—et —2tet —2e7t - (,
—t2e7t —2te"t—3e7t - (,
Okay, let’s put everything together:

e Y sin(y) — cos (y)e™

5 +C, = —t?et—2tet—3e - (,

Since C; and C, are both constants, we can just combine them into an arbitrary constant, C. This
makes the above equation now:

e sin(y) —e ™ cos(y) _

5 —t2et —2tet—3e7t+C

Awesome! We took the derivatives of both sides, but now we need to solve the IVP and solve for
C. Let’s solve for it by plugging in 0 for both y and t (remember the initial condition given).

e %sin(0) — e cos(0)

5 —0%e79—2(0)e°-3e %+ C



Now, let’s plug this into our original equation for the implicit solution!

e Y sin —e Y cos 5
&) 5 ) = —tze_t—Zte_t—Be_t+§

You can totally simplify if you want by grouping left terms on both sides. Depending on your
professor, the above can be an acceptable solution.

For more practice with separable equations, use the following resources below:

e Organic Chemistry Tutor

e Professor Leonard (1 hr and 32 mins)

e Michel van Biezen (playlist)

e Brprp calc basics

Alrighty! We’ve done some of our first solving of differential equations. But there are many
more ways to solve them. Let’s move on to linear equations.

Linear Equations

In the basics of Differential Equations guide, I mentioned the concept of linear equations, but not
how to solve them. To expand upon this more, I need to define some other concepts. One of them
being standard form, which I indirectly introduced in the last guide. Standard form of a first-
order linear differential equation separates the derivative term from p(t) and q(t), which are
continuous equations and takes the below form:

dy _
FRd p(®)y = g(t)

To solve these types of equations, we have to assume. The assumption is that there exists a
function, u(t), also known as an integrating factor, that will satisfy the following equation when
multiplied to all terms in the equation:


https://www.youtube.com/watch?v=C7nuJcJriWM
https://www.youtube.com/watch?v=WfX20b-peDw&pp=ygUqc2VwYXJhYmxlIGVxdWF0aW9ucyBkaWZmZXJlbnRpYWwgZXF1YXRpb25z
https://www.youtube.com/watch?v=4JAovLLzIR0&list=PLX2gX-ftPVXUcwDhc9unNKXn5AhzcbNvO
https://www.youtube.com/watch?v=JtvD-UIf1Cw

u®p @ = w'(t)
We don’t need to get into the weeds of this. However, do know that p(t) is defined as:
u(t) = el p®at
With this fact, the full general solution for first-order linear differential equations is:

Ju®)g(@®)dt +c
u(t)

Where ¢ = % (where c and k are both constants from parts of the derivation I did not show).

y(t) =

Overall, to solve these types of equations, you use the following steps:

1. Write the equation in standard form.

2. Determine the integrating factor, using the equation above.

3. Multiply all terms in the differential equation by the integrating factor and verify that the
LHS becomes the product rule and write it that way

4. Integrate both sides

5. Solving for the solution y(t)

An example of this can be found in the following differential equation can be found from Paul’s
Online Notes:

“Find the solution to the following differential equation.

dv
— =9.8-0.196v
dt

First, we need to put the equation into standard form and find the integrating factor defined as:
u(t) = el p®at
The equation should now look like the following:

dv

+ 0.196v = 9.8
dt

Now that we separated out our p(t), we can plug and chug:

u(t) — ef0.196dt

f0.196dt = 0.196t


https://tutorial.math.lamar.edu/classes/de/linear.aspx
https://tutorial.math.lamar.edu/classes/de/linear.aspx

u(t) = 0196t
Perfect, now we need to multiply this to all terms in the equation and integrate both sides as

normal:

dv
eO.l96tE + 0.196U(80'196t) — 9.8(60'196t)

(A quick verification that the LHS is the product rule (u(t)y(t))"):
(k@®y(®) = (*1% + v)

=0 19680'196t'l7 + @e0.196t
' dt

Now rewriting the product rule on the LHS and then integrating:

f(eo'l%tv)'dt — f9.8(80'196t)dt

9.8
0196, 4 | — 0.19660.19& Ty

98
0.196t,, _
¢ V=019

9.8
0.196

00196t L o _

0.196tv — 0.196t +c

e

9.8

0.196t., _ 0.196t

e v = 0196 e +cC
80.196t

9.8
_ 2% —0.196t
v(t) = 0.196+ ce

We weren’t given initial conditions so we cannot solve for ¢ in this case.

Alright, let’s try this with an initial value problem. Let’s say we were given the same problem but
given an initial value of v(0) = 48. Now, we can take our result from before and solve for c:

9.8

— —0.196(0)
48 0.196+Ce
18=— 4
0196 " ¢

48 =50+c



This makes the actual solution for the given IVP:

—0.196t

v(®) = 5796~

For more practice with solving linear first-order equations, refer to the following resources:

e QOreganic Chemistry Tutor
e Math with Professor V
e blackpenredpen

e Professor Leonard

e Paul’s Online Notes

Exact Equations

Another type of differential equation that you will or should have been introduced to is an exact
equation. To be specific, the exact equations take the following form:

dy
M(x,y)+N(x,y)a: 0

Yes, there must be only those two terms and the ability to have zero on one side. Furthermore,
there must be addition between the M and N terms, for this to work. The implicit solution to an
exact differential equation is:

Y(x,y)=c

In order for these to be an actual solution, both M and N need to be continuous and have their
first order derivatives also be continuous. Specifically, for there to be a solution the following
must be true:

M, = N,

From there, to find W(x, y), you can use either of the following equations (it’s really on what’s
easiest to integrate):

‘P:Jde OR lszNdy

This may seem like a lot, but the general workflow to solving these problems is:


https://www.youtube.com/watch?v=gd1FYn86P0c
https://www.youtube.com/watch?v=p5jnNVmJdSA
https://www.youtube.com/watch?v=DJsjZ5aYK_g
https://www.youtube.com/watch?v=kATxKuVSc9I
https://tutorial.math.lamar.edu/classes/de/linear.aspx

1. Identifying M and N and checking that the differential equation is exact using:
M, = N,
2. Finding ¥ using the equations and taking care to have a “constant” of integration (will be
a function aka h(y) or g(x)):

w:Jde OR w:dey

3. Determine h(y) or g(x) using the fact that differentiating ¥ with respect to y must equal N
and differentiating ¥ with respect to x must equal M

4. Fully determining ¥ and any initial condition

5. If asked, determine the interval of validity

Let’s try out a problem so I can go through the steps and my thought process. As usual, this
problem is taken from Paul’s Online Notes:

“Find the solution for the following IVP.
2xy* +4 =23 —-x%y)y’ y(-1)=8

At first look, it may seem as though this isn’t an exact differential equation due to the +4 term.
However, think of it as a part of the M term, which is not associated with the derivative of the
function. For clarity, we can rewrite the above equation in this way, by putting parenthesis
around the M term and moving N over to the left with simplification:

xy?+4)+ 2x%y—6)y' =0
Great, now before we even start to do calculations to solve the IVP, we need to double check that
this is an exact equation. Let’s do that:

d
M, = E(ny2 +4) = 4xy

d
N, = §(2x2y —6) = 4xy

Since, they are equal, this is indeed an exact equation. Now let’s set up finding W. Since neither
is bad, let’s integrate M with respect to x:

Y(x,y) = f 2xy% +4dx = x*y* + 4x + g(y)

To find this g(x), we need to differentiate ¥ with respect to y to set it equal to N:
Y, =2x*y +g'(y) = 2x*y — 6

We can see that g'(y) = —6, making g(y) = —6y.


https://tutorial.math.lamar.edu/classes/de/exact.aspx

So,
Y(x,y) =x’y*—6y+4x+c
Now, we can solve the initial value problem by plugging it in to get:
(-D*(8)* - 6(8) +4(-1)
=64—-48—-4 =12
This makes the solution:

x’y?—6y+4x+12=0

I hope that wasn’t too bad and my logic made sense. If not, I’ll link some resources and videos
that can explain the concepts differently and give you more practice problems:

e Patrick J

e blackpenredpen

e Math with Professor V (~1 hr and 12 minutes)
e Professor Leonard

e LibreTexts Mathematics

Solutions by Substitution

At times, you cannot readily use the techniques I have mentioned thus far in this document. In
these cases, some extra manipulation needs to be done to bring it down to a solvable form. I’'m
sure by looking at the title of this section, you can guess that it’s a similar concept to u-
substitution when taking the integral of a function. This allows for us to convert complex, non-
separable equations into simpler, and more importantly, solvable forms. There are different types
so we’ll being going through them and some problems that involve them.

Homogenous Substitution

For this substitution, the differential equation needs to be in the following form:

Y
-+()
Y X
As you can probably guess from the name, first-order differential equation that can be written in
the above form are called homogenous equations. We can also determine if an equation is

homogenous, we use the fact that a function f(x, y) is homogenous of degree n if


https://www.youtube.com/watch?v=bwASJWS8ltM
https://www.youtube.com/watch?v=WgHCy25hBJE
https://www.youtube.com/watch?v=x_KH-3in2Is
https://www.youtube.com/watch?v=7zOMnC-BAFY
https://math.libretexts.org/Bookshelves/Differential_Equations/Differential_Equations_for_Engineers_(Lebl)/1%3A_First_order_ODEs/1.8%3A_Exact_Equations

f(tx, ty) = t"f(x,y)
Furthermore, for a differential equation of the following form:
M(x,y)dx + N(x,y)dy = 0

It is homogenous if M (x,y) and N(x, y) are homogenous functions of the same degree.

Once we know the equation is homogenous and in the y' = F (%) form, we use the substitution:

v(x) = Y
X
Which can then be rewritten as:
y = Xv

With this, we can take the derivative to find y’ and use the fact that both y and v are functions of
X, to get

y'=v+xv

Now, we substitute these into the homogenous equation:

v=r(2)

v+xv' =F()
xv'=Fw)—v

Hopefully this is starting to look familiar. Hint hint, it’s a separable equation.

dv
xa—F(v)—v
dv _dx
Fv)—v «x

This may seem like a lot but once you get the hang of it, it’s simple. Let’s start off with
identifying if an equation is homogenous. I’ll be drawing from LibreTexts Mathematics.

“Determine if f(x,y) = x° + x2y? is a homogenous function and, if so, of what degree.”

Remember that if the equation is homogenous, it follows the following form:

ftx,ty) = t"f(x,y)

So, let’s start with plugging it t.

(tx)° + (tx)%(ty)?


https://math.libretexts.org/Courses/Cosumnes_River_College/Math_420%3A_Differential_Equations_(Breitenbach)/02%3A_First_Order_Equations/2.04%3A_Solving_Differential_Equations_by_Substitutions

thS + (thZ)(t3y3)
t5(x5 + x%y?3)

Therefore, it is a homogenous equation of degree 5 because t° is multiplied to the original
function.

Now, let’s try solving a differential equation with a homogenous substitution. This problem is
from Paul’s Online Notes:

“Solve the following IVP:
xyy' +4x*+y =0 y(2)=-7, x>0

Looking at this equation, we don’t see a dx or dy, so we have to try to convert the equation to the
following form:

y=r(3)

So, let’s divide the equation by x? since that can give us % with derivative term and even the last

term in the equation:

l 2 2
y73”+4+(¥)2=0

' 2
Yo

Now, let’s use the conclusions from above to do the substitution:
v==, y = xv, y' =v+xv

v(v +xv') = —4 — v?

v + xvv’ = —4 — v?
av 4—2p2
X = v
dv —4—2v?
X — =


https://tutorial.math.lamar.edu/classes/de/substitutions.aspx

v P _dx
4202 T

f v 4 _f dx
4 + 22 v= X

The left side is going to need u-substitution since the numerator can be a derivative of the bottom

v term:
u =4+ 2v? u—4v v—du
B dv 4y
jv(du)_ du_1 du_ll +C
u\dv)  J4u 4) u —4nu 1
Now let’s do the RHS:

dx
f—zlnx+C2
X

So, we now have:

1
me+2ﬂ)+q;n4nx+g
1
Zln(4 +2v?)=—Inx+C

1
In(4 +2v®)2¢=—lnx+C
1
ln((4 + 2172)4) =—Inx+C
1
eln (a+2v2)%) — eln(x'1)+C

~r_1 .
4+ 2v )4—xe

1 C
4+ 2v%)% = —
(4+ 2023 =~
+C
2 _ —
44 2v __4_)6_4'
C
2 _
2v —x—4—4



_C—4x*

Y 2x2

Alright, now let’s try to solve the IVP and leave the implicit form!

,  C—4@2)*
D" ="2m7
_ C—4(16)
W=—5

392 = C — 4(16)

392=C — 64
C =456
So, the final solution is:
, 456— 4x*
y = —-—
2x2

As a note, if the equation comes in the form of M (x, y)dx + N(x,y)dy = 0, you need to verify
that it is a homogenous equation by seeing if the M and N, separately are homogenous and then
if they are of the same degree. After the confirmation, you can use the fundamental equations:

v="=, y = xv, y' =v+xv

To make the equation separable.

For more practice with homogenous substitution, use the following resources (other than the
ones | drew some problems from):

e Professor Leonard (~ 1 hr and 6 mins)

e Dblackpenredpen
e Patrick J



https://www.youtube.com/watch?v=IRNl1ynIgco
https://www.youtube.com/watch?v=uSvaMdZjgd8
https://www.youtube.com/watch?v=vEtEAYi2cIA

Bernoulli Equations

Another form of equations that are not readily solvable are differential equations that take the
following form:

y' +p(x)y =qlo)y"

Where p(x) and q(x) are continuous on the interval we are focused on and n is a real number.
As you can infer from this section, the name of these differential equations of the above form is
Bernoulli equations. A little note, though, if you see that n is 0 or 1, you know solve them as a
linear equation and separable equation, respectively.

To solve for n greater than 1, we need to divide the differential equation by y™:
y 'y +y Tt p()y = q(x)
y Y +p)yt " =q(x)

As we did with homogenous substitution, we use a substitution (v = y1™") and differentiate this
and substitute these into the equation. From there we can solve for v as a linear differential
equation and then solve for y after substituting it back in. Okay, it’s focus now on deriving the
derivative of v first, before doing a problem:

v = yl—n
v =1-n)y™y

n,,/

, YV
Y= a-n

We can plug this into the equation above to get our linear differential equation:

—y_l(i] 7D py " = )

!

v
-t p(x)v = q(x)

Perfect, let’s try to do a problem with these facts in mind (from Paul’s Online Notes, of course):

“Solve the following the IVP:
4
y' +oy = x3y?, y(2)=-1, x>0

Remember what our first step was with these equations? It was dividing the equation by y™. So,
let’s do that but with y2.


https://tutorial.math.lamar.edu/classes/de/bernoulli.aspx

y? xy?
Yt
y?  xy
Now, let’s use our helpful equations:
v=y™ ' =0-n)y ™y’
And substitute v in to replace y:
,_@=2)y"
vy
1
1-2 -1
v=y =y = —
y
So,
4
—v' +—v=x3
X
4
v ——v=—x3

Now that we have our linear equation, we need to find our integrating factor, which is defined as:
'u(x) = efp(x)dx

For the equation:

dv
=T p(x)v = g(x)

In this means that p(v) = —f—c and

f—idx —4Ilnx Inx~*% —4 —4
ulv)=e’ x" =e =e =x"*=x

Now, we need to multiply this integrating factor to all the terms in the equation, getting:

4 dv 4 1
x* (v’ ——v= —x3) =xt— ——v=—=
X dx x X
The LHS is the product of (x~*v)’ so, we can rewrite it and integrate both sides as we did
before:



j(x“*v)’dx = f —%dx

x*v+C =—-Inx+C,

x*v=—Inx+C
v=—x*Inx + Cx*
Now, let’s plug in y:
y l=—x*Inx + Cx*

And let’s solve the IVP before writing the explicit solution:

_il = —(2)*In2 + C(2)*

—1= —-16In2 + 16C

16In2—-1=16C
In 2 L C
716
So, now we can plug in C and find the explicit solution:
y 1= —x*Inx+ (an — i)x‘*
16
1 1

y=x4(—lnx+ln2—%) =x4(1n%—%)

Perfect, we are now done!

Linear Function Substitution

To my knowledge, this class of substitutions doesn’t have a formal name as the others. I'll just
call it linear function substitution for the sake of this document. However, there is still a clear
form to it:

d
%zG(ax+by+c)

In these cases, the substitution that we should use is:
u=ax+by+c

Taking the derivative, we get:



) dy
u —a+ba

Let’s apply this to an example. This also comes from Paul’s Online Notes:

“Solve the following IVP

y —(4x—y+1)2=0, y(0)=2

Alright, this equation isn’t in the exact form we need it to be in, so let’s move somethings
around:

y' = (4x —y + 1)?

In this case, u = 4x — y + 1. Taking the derivative, we get
u'=4-y
y' =4—-u

The derivative of y came from solving for it using the derivative of u equation. Now, we can
substitute this into our equation:

4—u' =u?
du

4——=1u?
dx “

This turns into a separable equation:

du

— =4 —y?

dx

du
i dx

We now take the integral of both sides:

j‘ du _J‘d
4 —y2 x

J(Z—uc)l?2+u)=de

For the LHS, we need partial derivatives (yippie...). If you need a review, use this resource.
Alright, let’s do it:

1 A N B
Q2-wR2+u) 2-u 2+u



https://tutorial.math.lamar.edu/Classes/DE/Substitutions.aspx
https://www.google.com/url?sa=t&source=web&rct=j&opi=89978449&url=https://www.youtube.com/watch%3Fv%3D_HqG9Ac5XAM

1=A2+u)+B2—-uw)

Solving for A, I will do u = 2.

1=A(12+2)
1=14A
A:l
4
Now solving for B, u = —2.
1=B(2--2)
1=4B
le
4

Now, we plug the partial decomposition to the LHS:
1 1

4 4 _
fz—u+2+udu_fdx

%(—ln(Z —w)+In2+u)=x+C

1l (2+u>_ +C
22—y 7

24+u
ln( )=4x+C
2—u

eln(;t—:j) = e4x+C

2+u_
2—u

4x

Ce

Let’s plug in y here and solve for C for the IVP:
2+ (4x—y+1)

=C 4x
2—(dx—y+1 ¢
2+4x—y+1:Ce4x
2—4x+y-—-1
2+4x—y+1 _ (et

2—4x+y—1)



2+40)— () +1

=C 4%0
2—40)+2—1

2-2+1
2+2—-1

—_=C
3

Now, we can plug that in and solve for y:

2+4x—y+1 1

— _ ,4x
2—4x+y-1 3
dx—-y+3 1 ,.
1—4x+y 3

1
4x—y+3=§e4x(1—4x+y)

1 4x y
4x — — _phx _ T ,4x 7 L4x
x—y+3 36 36 +3€

1 4x y
4 — 4x 4x 4—x>
3<x y+3 3e 3e +36

12x — 3y + 9 = e™ — 4xe™™ + ye**
12x + 9 — e*™ + 4xe™ = ye™ + 3y
12x +9 — e*™ + 4xe™ = y(e*™ + 3)

_12x+9—e* +4xe® 4x(3+e*)+9—e¥ 9 — et
y= et* +3 B et* +3 e** +3

Okay, we are finally done! Hopefully seeing me do out these problems helped your
understanding of the topic more!

If you need more practice outside of the places, I drew problems from, for substitution in
general, use the following resources:

e Mike, the Mathematician (Linear substitution)
e Dr Luke’s Lectures (all types)

e blackpenredpen (all types — playlist)

e Professor Dave Explains (Homogenous and Bernoulli)



https://www.youtube.com/watch?v=Y4eAnj5wjU4
https://www.youtube.com/watch?v=GF2eij-iBJU
https://www.youtube.com/playlist?list=PLj7p5OoL6vGxcsqJO6P0tEqRQ2R-86mpu
https://www.youtube.com/watch?v=o1AHVHEEChA

Alrighty, that is all I have regarding solving first-order differential equations with some
introductory techniques. I hope this was helpful!



