
MATH 2110Q – Exam 3 Review 

Hello everyone, it’s Akeva! This document is going to cover the topics that you will be tested on 

in Multi for Exam 3 (as of Spring 2026): Vectors, Arc Length, Line Integrals, Vector Fields, 

Green’s Theorem, Curl and Divergence, Parametric Surfaces and Areas, and Surface Integrals. I 

know it seems like a lot but many of these topics are related and build upon past concepts. I will 

take things section by section and give my tips and tricks to solving these problems as usual! 

As usual, underlined words are headers for new sections and italicized words are subsections. 

Definitions will be labeled in red and problems I do will be done in purple. 

Vector Functions 

What is a vector function or vector-valued function? 

It’s a function whose domain is a set of real numbers and whose range is a set of vectors. You can 

think of this it as inputting putting numbers (any type of number from rational to irrational) and 

getting an associated vector (remember, this means it has magnitude and direction). For the sake 

of Multi, we focus mainly on functions that produce three-dimensional vectors. 

The vector would be defined as: 

𝐫(𝑡) =  ⟨𝑓(𝑡), 𝑔(𝑡), ℎ(𝑡)⟩ = 𝑓(𝑡)𝐢 + 𝑔(𝑡)𝐣 + ℎ(𝑡)𝐤 

Where f, g, and h are called component functions of r. 

Finding Limits and Continuity 

Just as in previous sections and other finding the limits and determining whether function is 

continuous is important for future applications. So, how do we find the limits of a vector 

function? It’s defined as follows: 

lim
𝑡→𝑎

𝐫(𝑡) = 〈lim
𝑡→𝑎

𝑓(𝑡) , lim
𝑡→𝑎

𝑔(𝑡) , lim
𝑡→𝑎

𝑔(𝑡) 〉 

If the inner limits exist, then the vector function itself exists as that point. Furthermore, if the 

limit of the vector function exists, the vector function is continuous at that point. 

Let’s do a quick problem together on this concept. I will walk through my thought process on 

this. This problem is derived from Paul’s Online Notes. Let’s compute the following: 

lim
𝑡→1

〈𝑡3,
sin(3𝑡 − 3)

𝑡 − 1
, 𝑒2𝑡〉 

I see that the first term and second terms do not have a t variable in the denominator, so I can just 

plug and chug there. The first term will simply be 1 and the third term would be 𝑒2.  

Now, for the second term, since there is a t in the denominator and plugging in , using 

L’Hôpital’s rule, we should automatically take the derivative of the top and bottom. This gets us: 

https://tutorial.math.lamar.edu/classes/calciii/vectorfcnscalculus.aspx


𝑑𝑟

𝑑𝑡
(

sin(3𝑡 − 3)

𝑡 − 1
) =

−3 cos(3𝑡 − 3)

−1
= 3cos (3𝑡 − 3) 

Plugging in 1, we get: 

3 cos(3 ∗ 1 − 3) = 3 cos(3 − 3) = 3 cos(0) = 3(1) = 3 

Therefore, the limit is, 

1𝐢 + 3𝐣 + 𝑒2𝐤 

Hopefully that all made sense! If not, try out some more problems will the links below: 

• Krisa King 

• Jonathan Walters 

 

Space Curves 

If we focus on all points that can be created in an interval and f, g, and h are continuous real-

valued functions on that interval, those set of points, C, are called a space curve. This works 

when the following is true: 

𝑥 = 𝑓(𝑡), 𝑦 = 𝑔(𝑡), 𝑎𝑛𝑑 𝑧 = ℎ(𝑡) 

The above equations are referred to as the parametric equations of C and t is the parameter. 

Based on these parametric equations, you should be able to recognize the overall space curve or 

draw it. I will do out two problems from Paul’s Online Notes. Because I am only working on a 

computer, I won’t draw out the final graph but will include my thinking for what the overall 

shape will look like and provide the sketch from the website. First let’s think about shape of the 

following vector function: 

𝐫(𝑡) = 〈2 − 4𝑡, −1 + 5𝑡, 3 + 𝑡〉 

When I approach this, I think about trying to simplify the vector by grouping common terms or 

into something familiar. I see that each component of the vector has a number and then a term 

with the parameter t. So, group everything together: 

𝐫(𝑡) = 〈2, −1,3〉 + 〈−4,5,1〉𝑡 

If we think back to a prior unit or even think back to Algebra, this looks just like an equation for 

a line. It’s a line that goes through the point (2,-1,3) and is parallel to the vector 〈−4,5,1〉. 

Awesome! Now what’s left is to just plot everything. Below is what a sketch looks like. 

https://www.google.com/url?sa=t&source=web&rct=j&opi=89978449&url=https://www.youtube.com/watch%3Fv%3DbhP9cfB90Kc
https://www.google.com/url?sa=t&source=web&rct=j&opi=89978449&url=https://www.youtube.com/watch%3Fv%3DnMPlVpz_IMs
https://tutorial.math.lamar.edu/classes/calciii/VectorFunctions.aspx


 

Let’s tackle a second problem. Let’s think about the following vector function: 

𝐫(𝑡) = 2cos(𝑡) 𝐢 + 2sin(𝑡) 𝐣 + 3𝐤 

My eyes are automatically drawn to the cosine and sine functions, making me think of a circle. 

Looking at the third term, I see that it’s not dependent on t, meaning it’s fixed. This makes me 

see that it’s a circle. However, let’s group like terms as we did last time: 

𝐫(𝑡) = 2(cos(𝑡) 𝐢 + sin(𝑡) 𝐣) + 3𝐤 

Okay, so we see that we are deal with a circle on the xy plane about the z-axis at 3, as opposed to 

0. Try sketching this before you refer to the sketch below! 

 

There is another type of problem that you should be able to do, and that is determining 

parametric equations for an intersection of a plane and a shape. I will do one problem out from 

the textbook (Example 6 in Chapter 13).  



The prompt asks us to “find a vector function that represents the curve of intersection of the 

cylinder 𝑥2 + 𝑦2 = 1 and the plane 𝑦 + 𝑧 = 2.” 

Based on the shape and the plane, we can infer that the intersection will be circular and elliptical 

in shape because the plane cuts through cylinder in half. Therefore, our x and y components of 

the vector will have cosine and sin respectively and t should be bound between 0 and 2pi. There 

are also no extra constants since there are none that appears in the cylinder equation. Now, we 

need to determine the z component. Since, we know y, which is sin (𝑡), we can plug that into the 

plane equation: 

sin(𝑡) + 𝑧 = 2 

𝑧 = 2 − sin (𝑡) 

Now, that we have our z, we can combine everything together and get the vector equation: 

𝐫(𝑡) = cos(𝑡) 𝐢 + sin(𝑡) 𝐣 + (2 − sin(𝑡))𝐤 

Since there is not only a constant in the z components, we know that the intersection is elliptical, 

not circular. 

If you need more problems to do to practice these, use the following resources: 

• Grantstrong (sketching) 

• Krista King (sketching) 

• Krista King (intersection) 

• Jonathan Walters (intersection) 

 

Derivatives and Integrals 

The derivative for a vector function is useful for determining the slope at a given point, just as it 

was in Calc I. Given that f, g, and h and differentiable, then the derivative of the vector function 

is: 

𝐫′(𝑡) = 〈𝑓′(𝑡), 𝑔′(𝑡), ℎ′(𝑡)〉 = 𝑓′(𝑡)𝐢 + 𝑔′(𝑡)𝐣 + ℎ′(𝑡)𝐤 

As a note, the second derivative is calculated in a similar fashion: by components. A key concept 

dependent on the derivatives of vector functions is the unit tangent vector. It is defined as: 

𝐓(𝑡) =
𝐫′(𝑡)

|𝐫′(𝑡)|
 

The unit tangent vector is in the same direction as the tangent vector, but the magnitude is overall 

1. As a refresher, the magnitude of a vector is defined as √(𝑓′(𝑡))
2

+ (𝑔′(𝑡))
2

+ (ℎ′(𝑡))
2
. 

https://www.youtube.com/watch?v=9b_WUXa2iRs
https://www.youtube.com/watch?v=4ZXH7nH-nd4
https://www.youtube.com/watch?v=vgRb230Vomo
https://www.youtube.com/watch?v=6wVEg6Fu_Mo


There are theorems that are particularly useful to for differentiating vector functions. Let’s 

assume u and v are differentiable vector functions, c is a scalar, and f is a real-value function. 

Then 

1. 
𝑑

𝑑𝑡
[𝐮(𝑡) + 𝐯(𝑡)] = 𝐮′(𝑡) + 𝐯′(𝑡) 

2. 
𝑑

𝑑𝑡
[𝑐𝐮(𝑡)] = 𝑐𝐮′(𝑡) 

3. 
𝑑

𝑑𝑡
[𝑓(𝑡)𝐮(𝑡)] = 𝑓′(𝑡)𝐮(𝑡) + 𝑓(𝑡)𝐮′(𝑡) 

4. 
𝑑

𝑑𝑡
[𝐮(𝑡) ∗ 𝐯(𝑡)] = 𝐮′(𝑡) ∗ 𝐯(𝑡) + 𝐮(𝑡) ∗ 𝐯′(𝑡) 

5. 
𝑑

𝑑𝑡
[𝐮(𝑡)  × 𝐯(𝑡)] = 𝐮′(𝑡) × 𝐯(𝑡) + 𝐮(𝑡) × 𝐯′(𝑡) 

6. 
𝑑

𝑑𝑡
[𝐮(𝑓(𝑡))] = 𝑓′(𝑡)𝐮′(𝑓(𝑡)) 

For practice with finding the tangent vector, use the following resources: 

• CBlissMath 

• Krista King 

 

With regards to integrals, a definite integral of a vector function is defined as: 

∫ 𝐫(𝑡)

𝑏

𝑎

𝑑𝑡 = (∫ 𝑓(𝑡)

𝑏

𝑎

𝑑𝑡) 𝐢 + (∫ 𝑔(𝑡)

𝑏

𝑎

𝑑𝑡) 𝐣 + (∫ ℎ(𝑡)

𝑏

𝑎

𝑑𝑡) 𝐤 

For practice with finding definite integrals of vector functions, use the following resources: 

• Krista King 

• JK Math (46 mins) 

• Math with Professor V (32 mins) 

 

Arc Length 

This next section deals with this thing called arc length, defined as L. It essentially is the plane 

curve made of approximated polygonal paths. Instead of a smooth curve, it would look like 

distinct lines. If you draw, think about how often you start with straight lines before introducing 

curves into your work. The arc length essentially connects two points on the curve with a straight 

line. The equation for this is below: 

𝐿 = ∫ √(
𝑑𝑥

𝑑𝑡
)

2

+ (
𝑑𝑦

𝑑𝑡
)

2

+ (
𝑑𝑧

𝑑𝑡
)

2
𝑏

𝑎

𝑑𝑡 = |𝐫′(𝑡)|𝑑𝑡 

https://www.youtube.com/watch?v=7cn5bbS-lfw
https://www.youtube.com/watch?v=r6nCstMBpcc
https://www.youtube.com/watch?v=RsGuE5OZqMg
https://www.youtube.com/watch?v=Jcny4DtytoY
https://www.youtube.com/watch?v=sVU0rXuIzyE


There is also an associated function to arc length which parameterizes a curve with respect to arc 

length. You may ask why we need an arc length function. It’s useful because length comes from 

the shape of the curve and does not depend on the coordinate system. A typical problem would 

ask you to reparametrize a vector function, which should signal to you that you should use the 

function defined below: 

𝑠(𝑡) = ∫|𝐫′(𝑢)|

𝑡

𝑎

𝑑𝑢 = ∫ √(
𝑑𝑥

𝑑𝑢
)

2

+ (
𝑑𝑦

𝑑𝑢
)

2

+ (
𝑑𝑧

𝑑𝑢
)

2
𝑡

𝑎

𝑑𝑢 

𝑑𝑠

𝑑𝑡
= |𝐫′(𝑡)| 

With regards to the reparameterization problems, you should calculate the magnitude of the unit 

vector first and then calculate the value of s. Based on the value, you can determine t and 

substitute the parameter t with the calculated s in the vector function. 

For examples of these types of problems and practice, looking at the following: 

• Arc length 

o Krista King 

o Dr. Trefor Bazett (concept overview) 

o JK Math (25 mins) 

• Reparamertization 

o Krista King 

o Dr. Bevin Maultsby 

 

Vector Calculus 

Vector Fields 

Extending from vector functions, we have these things called vector fields which are arrows that 

stem from the point on the coordinate and points in a direction defined by component functions P 

and Q in ℝ2 and P, Q, and R in ℝ3 and make up a vector F. F is defined as the following in ℝ2 

and ℝ3, respectively: 

𝐅(𝑥, 𝑦) = 𝑃(𝑥, 𝑦)𝐢 + 𝑄(𝑥. 𝑦)𝐣 = 〈𝑃(𝑥, 𝑦), 𝑄(𝑥, 𝑦)〉 = 𝑃𝐢 + 𝑄𝐣 

𝐅(𝑥, 𝑦, 𝑧) = 𝑃(𝑥, 𝑦, 𝑧)𝐢 + 𝑄(𝑥, 𝑦, 𝑧)𝐣 + 𝑅(𝑥, 𝑦, 𝑧)𝐤 

Based on the vector fields, you can determine the overall shape of F.  

Examples of vector fields for 𝐅(𝑥, 𝑦) = −𝑦𝐢 + 𝑥𝐣 and 𝐅(𝑥, 𝑦, 𝑧) = 2𝑥𝐢 − 2𝑦𝐣 − 2𝑥𝐤 can be 

found below (left to right): 

https://www.youtube.com/watch?v=X3AAltBz0wo
https://www.youtube.com/watch?v=80J5s0pic8M
https://www.youtube.com/watch?v=IDs7C676WNA
https://www.youtube.com/watch?v=O3nnibgLCCc
https://www.youtube.com/watch?v=ZThijgk0Yy8


 

 

 

Line Integrals 

Line integrals are like an ordinary integral but instead of integrating over the interval [a,b], we 

instead integrate over a curve, C. You may be confused because in a normal integral, we take the 

integral to find the area under a function. You can think of a line integral as the 3D version of an 

integral where we calculate the total effect of a field (whether that be a vector or scalar) on a 

curve. With regards to an equation, if f (any function of two variable whose domain includes the 

curve C) is defined on a smooth curve C, then the line integral of f along C is the following if it 

exists: 

∫ 𝑓(𝑥, 𝑦)𝑑𝑠

𝐶

= ∫ 𝑓(𝑥(𝑡), 𝑦(𝑡))√(
𝑑𝑥

𝑑𝑡
)

2

+ (
𝑑𝑦

𝑑𝑡
)

2

𝑑𝑡

𝑏

𝑎

 

 

Oftentimes, it is easier to solve these problems when you do parameterization aka defining 

everything in terms of t as opposed to x and y, especially when the bound of the curve is not 

defined. This step requires remembering the conversions and writing common shapes with 

parametrizations. Let’s do a couple of problems so I can explain my approach. If you need a 

basic review of parametric equations for circles and ellipses, refer to the table linked here by 

Paul’s Online Notes. I am also doing a problem linked in the same page. It’s as follows: 

Evaluate ∫ 𝑥𝑦4𝑑𝑠
𝐶

 where C is the right half of the circle 𝑥2 + 𝑦2 = 16 traced out in a 

counterclockwise direction. 

For this problem, C is not defined in terms of points, therefore we need to parameterization. 

Based on the defined curve and an explicit mention, we know the curve is a circle. Looking at 

https://tutorial.math.lamar.edu/classes/calciii/LineIntegralsPtI.aspx


the right-hand side (RHS) of the equation, we see that the radius is 4 (the square root of RHS). 

So, 

𝑥 = 4 cos(𝑡)      𝑦 = 4sin (𝑡) 

Considering that we are focusing on the right half of the circle, and going counterclockwise, we 

know the bounds should be from -
𝜋

2
 to 

𝜋

2
. Now we can plug this into the given equation: 

∫(4 cos(𝑡))(4 sin(𝑡))4√(−4 sin(𝑡))2 + (4 cos(𝑡))2𝑑𝑡

𝜋
2

−
𝜋
2

 

That looks like a lot, let’s simplify: 

∫(4 cos(𝑡))(4 sin(𝑡))4√16 sin2(𝑡) + 16 cos2(𝑡) 𝑑𝑡

𝜋
2

−
𝜋
2

 

Based on the trig identity, sin2(𝑡) + cos2(𝑡) = 1, 

∫(4 cos(𝑡))(4 sin(𝑡))4√16 𝑑𝑡

𝜋
2

−
𝜋
2

 

∫(4 cos(𝑡))(4 sin(𝑡))4(4)𝑑𝑡

𝜋
2

−
𝜋
2

 

4096 ∫ cos(𝑡) sin4(𝑡) 𝑑𝑡

𝜋
2

−
𝜋
2

 

That’s better. But we need to further simplify the integral. Based on chain rule, we can see the 

cosine term being produced by the 5th power of sine of t (if you’re confused, take the derivative 

of the term below in the brackets; you should end up with the above term): 

4096 |
sin5(𝑡)

5
|

𝜋

2

−
𝜋

2

 



4096

5
|sin5(𝑡)|

𝜋

2

−
𝜋

2

 

4096

5
[(sin

𝜋

2
)

5

− (sin −
𝜋

2
)

5

] 

4096

5
[(1)5 − (−1)5] 

4096

5
[1 − (−1)] 

4096

5
[2] 

8192

5
 

 

I’ll also do a problem where C is a distinct curve with points, so you know how to do the general 

two types of problems with line integrals. This problem also comes the page I linked above for 

the first problem. The second problem is the following: 

Evaluate ∫ 4𝑥3𝑑𝑠
𝐶

 where C is the curve shown below: 

 

Looking at the curve, there are three distinct regions, so our line integral will be split up into 

three sections. Let’s define x in terms of t and find the bounds for each section. 

For 𝐶1, since it’s just 𝑦 = −1, the x can be defined as t and the values for the bounds will be -2 

and 0 (following the x-axis above).  



For 𝐶2, x can once again be just t while 𝑦 = 𝑡3 − 1. The points defined for 𝐶2 is (0,-1) and (1,0). 

Since we are focusing on the values of t, which is just x, the bounds are 0 and 1. 

For 𝐶3, things are a little bit different. x is no longer increases, in fact, it’s just 1. However, y is 

increasing. Therefore, we set y equal to t. Following the curve and from where we left off, t is 

bounded from 0 to 2 (the bounds do not need to necessarily increases sequentially, especially 

when we change the variable we define as t).  

So, what does this look like all together? 

𝐶1: ∫ 4𝑡3√(1)2 + 02𝑑𝑡

0

−2

= ∫ 4𝑡3𝑑𝑡

0

−2

= 𝑡4| 0
−2

= (04 − (−2)4) = −16 

𝐶2: ∫ 4𝑡3√(1)2 + (3𝑡2)2𝑑𝑡

1

0

=  ∫ 4𝑡3√9𝑡4 + 1 𝑑𝑡

1

0

= ∫ 4𝑡3(9𝑡4 + 1)
1
2

1

0

 

For 𝐶2, we can’t simplify further. If we look though, what’s under the square root, excluding 

constants, is the term outside the square root. This means we have to use u-substitution. 

𝑢 = 9𝑡4 + 1 

𝑑𝑢 = 36𝑡3 

𝑡3 =
𝑑𝑢

36
 

∫ 4𝑡3√9𝑡4 + 1 𝑑𝑡

1

0

= 4 ∫
√𝑢

36
𝑑𝑢 =

1

9
(

2

3
𝑢

3
2) =

2

27
(9𝑡4 + 1)

3
2
1
0

=
2

27
((10)

3
2 − 1) 

Let’s move on to 𝐶3 now: 

𝐶2: ∫ 4√(0)2 + (1)2𝑑𝑡

2

0

= ∫ 4 𝑑𝑡

2

0

= 4𝑡|2
0

= 8 − 0 = 8  

Combining everything, we get: 

−16 +
2

27
(10

3
2 − 1) + 8 

Awesome, we completed two problems of line integrals in a plane. Let’s look at the equations of 

two other types of integrals. 

There are line integrals with respect to x or y or line integrals with respect to arc length and are 

defined as: 



∫ 𝑓(𝑥, 𝑦) 𝑑𝑥
𝐶

= ∫ 𝑓(𝑥(𝑡), 𝑦(𝑡))

𝑏

𝑎

 𝑥′(𝑡) 𝑑𝑡 

∫ 𝑓(𝑥, 𝑦) 𝑑𝑦
𝐶

= ∫ 𝑓(𝑥(𝑡), 𝑦(𝑡))

𝑏

𝑎

 𝑦′(𝑡) 𝑑𝑡 

When asked to parametrize a line segment, use the following equation: 

𝐫(𝑡) = (1 − 𝑡)𝐫𝐨 + 𝑡𝐫𝟏     0 ≤ 𝑡 ≤ 1 

Where 𝑟0 is the start of the segment and 𝑟1 is the end. 

Furthermore, you can also have line integrals in 3D. Their form takes the following: 

∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑠
𝐶

= ∫ 𝑓(𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡))√(
𝑑𝑥

𝑑𝑡
)

2

+ (
𝑑𝑦

𝑑𝑡
)

2

+ (
𝑑𝑧

𝑑𝑡
)

2

𝑑𝑡

𝑏

𝑎

 

Or more compactly in vector form, 

∫ 𝑓(𝐫(𝑡)) |𝐫′(𝑡)| 𝑑𝑡

𝑏

𝑎

 

 

If you want more practice and/or need more explanation, refer to the following resources: 

• Dr. Trefor Bazett (what is a line integral) 

• Dr. Trefor Bazett (example) 

• Alexandra Niedden (45 mins) 

• Professor Leonard (~2 hrs) 

• Washington University Practice and Solutions (worksheet) 

• James Hamblin (line segment) 

• Krista King (vector form) 

 

Fundamental Theorem for Line Integrals 

The Fundamental Theorem for Line Integrals stems from the idea that the gradient vector ∇𝑓 of a 

function f of two or three variables can be regarded as a derivative of f. Therefore, if C is a 

smooth curve given by the vector function r(t), where 𝑎 ≤ 𝑡 ≤ 𝑏, and f is differentiable whose 

gradient vector is continuous on C, then: 

https://www.youtube.com/watch?v=WA5_a3C2iqY
https://www.youtube.com/watch?v=fqVEuFldFuA
https://www.youtube.com/watch?v=myi1o9BxQk0
https://www.youtube.com/watch?v=t6vtOOAnqyU
https://sites.math.washington.edu/~aloveles/Math324Fall2013/f13LineIntegralPractice.pdf
https://www.youtube.com/watch?v=jn2v3aHqrRc
https://www.youtube.com/watch?v=ee9U28fGXBo&t=1s


∫ ∇𝑓 ∗ d𝐫

𝐶

= 𝑓(𝐫(𝑏)) − 𝑓(𝐫(𝑎)) 

If f is a function of two variables and C is a plan curve with an initial point 𝐴(𝑥1, 𝑦1) and 

terminal point 𝐵(𝑥2, 𝑦2), then the theorem becomes 

∫ ∇𝑓 ∗ d𝐫

𝐶

= 𝑓(𝑥2, 𝑦2) − 𝑓(𝑥1, 𝑦1) 

This can be also can be extended to three variables.  

Furthermore, if the 𝐶1 and 𝐶2 are smooth curves with the same initial points and terminal points, 

we know they equal each other: 

∫ ∇𝑓 ∗ d𝐫

𝐶1

= ∫ ∇𝑓 ∗ d𝐫

𝐶2

 

Just as a reminder, the gradient vector is defined as the following for two variables and three 

variables, respectively: 

∇𝑓 = 〈
𝜕𝑓

𝜕𝑥
,
𝜕𝑓

𝜕𝑦
〉 

∇𝑓 = 〈
𝜕𝑓

𝜕𝑥
,
𝜕𝑓

𝜕𝑦
,
𝜕𝑓

𝜕𝑧
〉 

Some common question you may be asked in relation to the Fundamental Theorem for Line 

Integrals are determining if paths are independent and determining if a field is conservative. To 

solve these problems, let’s define the underlying concepts in each: 

• Independence of Paths 

o For a continuous vector field, F, with a domain D, the line integral is independent 

of path if ∫ 𝐹 ∗ 𝑑𝑟
𝐶1

= ∫ 𝐹 ∗ 𝑑𝑟
𝐶2

 for any two paths 𝐶1 and 𝐶2 in D that have the 

same initial and terminal points. 

o Therefore, ∫ 𝐹 ∗ 𝑑𝑟
𝐶

 is independent of path in D if and only if ∫ 𝐹 ∗ 𝑑𝑟
𝐶

= 0 for 

every closed path C in D 

▪ A closed path is when the terminal point equals the initial point 

• Conservative Vector Fields 

o As an extension, if the vector field is continuous on an open connected region R 

and ∫ 𝐹 ∗ 𝑑𝑟
𝐶

 is independent of path in D, then F is a conservative vector field on 

D, meaning there exists a function f where ∇𝑓 = F. 



▪ Open region is one that does not contain its boundary points   

o To determine if a vector field is conservative, you would use the following 

theorem: 

▪ If 𝐹(𝑥, 𝑦) = 𝑃(𝑥, 𝑦)𝑖 + 𝑄(𝑥, 𝑦)𝑗 is a conservative vector field, where P 

and Q have continuous first-order partial derivatives on a domain D, then 

throughout D we have 

𝜕𝑃

𝜕𝑦
=

𝜕𝑄

𝜕𝑥
 

To keep this document from being too long, I will link some resources below that helped me 

better understand the theorems I went through. Feel free to come in though, if you have more 

questions! 

Resources: 

• Dr. Bevin Maultsby (Fundamental Theorem) 

• Patrick J (Fundamental Theorem) 

• Krista King (Independence of path) 

• LibreTexts Mathematics (Independence, Conservative Fields) 

 

Green’s Theorem 

Alright, new section, so we need some more definitions. Green’s Theorem is often described as 

the relationship between a line integral, which is integrating over a simple closed curve (aka no 

weird closures are empty space in the middle), and a double integral over the plane region 

bounded by the curve. I like to think of it as a way to calculate 2D area of a curve that’s not 

necessarily easy to compute (like a circle or a square).  

When using Green’s Theorem, there is a typical way to travel along the curve to calculate the 

area called the positive orientation. This direction is simply a single counterclockwise traversal 

of the curve. 

The official definition of Green’s Theorem is if C is a positively oriented, piecewise-smooth, 

simple closed curve in the plane, D is the region bounded by C, and P and P and Q have 

continuous partial derivatives on an open region that contains D, then: 

∫ 𝑃 𝑑𝑥

𝐶

+ 𝑄 𝑑𝑦 = ∬ (
𝜕𝑄

𝜕𝑥
−

𝜕𝑃

𝜕𝑦
) 𝑑𝐴

𝐷

 

The notion for this can also be represented as the following: 

https://www.youtube.com/watch?v=dPsTpLU2uWE
https://www.youtube.com/watch?v=xVhHow_usMQ
https://www.youtube.com/watch?v=cHYWAPwJupc
https://math.libretexts.org/Bookshelves/Calculus/Supplemental_Modules_(Calculus)/Vector_Calculus/4%3A_Integration_in_Vector_Fields/4.5%3A_Path_Independence%2C_Conservative_Fields%2C_and_Potential_Functions


∮ 𝑃 𝑑𝑥 + 𝑄 𝑑𝑦

𝐶

 

To use the Green’s Theorem to compute the area, the reverse direction should be used and gives 

us the following equation: 

𝐴 =  ∮ 𝑥 𝑑𝑦

𝐶

= − ∮ 𝑦 𝑑𝑥

𝐶

=
1

2
∮ 𝑥 𝑑𝑦 − 𝑦 𝑑𝑥

𝐶

 

To practice with Green’s Theorem, use the following videos and resources as guidance: 

• Professor Dave Explains 

• Professor Leonard (1 hr and 45 mins) 

o Goes through problems and concepts 

• Patrick J 

• Math with Professor V (41 minutes) 

• Paul’s Online Notes 

 

Curl and Divergence 

In this section, you will learn about curl which may just seem like another concept. However, if 

you need to take Physics or have already taken it, these concepts will not be new to you. 

Let’s start with curl. A curl of a vector field, which is denoted as ∇ x 𝐹, is a magnitude and 

direction of a “swirling” tendency of a 3D field at a point. You may remember in Physics II, you 

used the Right Hand Rule to determine the direction of a magnetic field around a wire. This just 

gives a magnitude to the field, if you will, for a particular point in a vector field. How do we 

express this in a mathematical form? 

If 𝐅 = 𝑃𝐢 + 𝑄𝐣 + 𝑅𝐤, where F is a vector field and P, Q, and R are partial derivatives and they 

exist, then the curl of F is defined as: 

curl 𝐅 = (
𝜕𝑅

𝜕𝑦
−

𝜕𝑄

𝜕𝑧
) 𝑖 + (

𝜕𝑃

𝜕𝑧
−

𝜕𝑅

𝜕𝑥
) 𝑗 + (

𝜕𝑄

𝜕𝑥
−

𝜕𝑃

𝜕𝑦
) 𝑘 

One useful thing to think about is that if the f is a function of three variables that has continuous 

second-order partial derivatives, then 

𝑐𝑢𝑟𝑙(∇𝑓) = 0 

Furthermore, if F is conservative, then curl F is zero. 

https://www.youtube.com/watch?v=kdTxN4E0vbo
https://www.youtube.com/watch?v=OnyCk62hEL4
https://www.youtube.com/watch?v=a_zdFvYXX_c
https://www.youtube.com/watch?v=0FVywVDHH_U
https://tutorial.math.lamar.edu/classes/calciii/GreensTheorem.aspx


Now, let’s focus our attention on divergence, the second topic of this section. Divergence is the 

flux of a vector field at a certain point; therefore, it is a number. A negative value represents a 

sink where the vector field is coming to that point while a positive value means that point is a 

source where the vector field is stemming from that point. Zero means that the flow in and out is 

equal. The formal definition of divergence, also denoted as ∇ ∙ 𝐅, is: 

div 𝐅 =  
𝜕𝑃

𝜕𝑥
+

𝜕𝑄

𝜕𝑦
+

𝜕𝑅

𝜕𝑧
 

If F is a 3D vector field, and P, Q, and R have continuous second-order partial derivatives (aka 

you do the partial derivative twice), then: 

div curl 𝐅 = 0 

With these definitions, we could also rewrite the equation in Green’s Theorem in vector form 

such that: 

∮ 𝐅 ∙ 𝑑𝐫
𝐶

= ∮ 𝐅 ∙ 𝐓 𝑑𝑠
𝐶

= ∬ (𝑐𝑢𝑟𝑙 𝐅) ∙ 𝐤 𝑑𝐴
𝐷

 

Where F is the vector F, T is the unit tangent vector, and k is the third component. This can be 

particularly useful is it’s easier to calculate the curl or have already done so for a problem. 

For extra practice with curl and divergence, please use the following resources: 

• Professor Dave Explains 

• Krista King 

• Houston Math Prep 

• Steven Bruton (explanation of concepts) 

 

Parametric Surfaces and Their Areas 

So far y’all have worked with many surfaces: cylinders, quadratic surfaces, spheres, cylinders, 

graphs with two and three variables, and level surfaces. But there is still a class that we haven’t 

gone over yet called parametric equations. They are very similar yet the way in which they are 

defined is different and a particularly useful to model curves or paths that fail the vertical line 

test (remember that if something has many y values for a single x, it fails the vertical line test and 

is therefore not a function). Instead of a single relationship, we have the parametric equations: 

𝑥 = 𝑥(𝑢, 𝑣)        𝑦 = 𝑦(𝑢, 𝑣)        𝑧 = 𝑧(𝑢, 𝑣) 

Note that this isn’t the first time we have used parametric equations but now you know the name 

for them. Generally, these variables are connected by the following function: 

𝑟(𝑢, 𝑣) = 𝑥(𝑢, 𝑣)𝐢 + 𝑦(𝑢, 𝑣)𝐣 + 𝑧(𝑢, 𝑣)𝐤 

https://www.youtube.com/watch?v=2qxxd68fZng
https://www.youtube.com/watch?v=cq3Yf8OGZpo
https://www.youtube.com/watch?v=UTo0Zdkc1UQ
https://www.youtube.com/watch?v=lKXW7DRyyro&t=535s


The parametric refers to u and v in this case as they serve as our parameters to the vector 

function. The set of all points (x,y,z) in the 3D space that following the parametric equations 

above and (u,v) varies through space, D, is called a parametric surface. 

Let’s do a problem together where we think about identifying and drawing parametric equations. 

The following is from your textbook: 

Identify and sketch the surface with vector equation 

𝑟(𝑢, 𝑣) = 2cos u 𝐢 + v 𝐣 + 2sin u 𝐤 

Okay, let’s identify x, y, and z. 

𝑥 = 2cos u 

y = v 

𝑧 = 2sin u 

I automatically look at the sine and cosine functions in x and z. This signals to me circle with a 

radius of 2. Looking at y, it’s not fixed so we just see that multiple circles of the same size moves 

up and down the y-axis. Putting all of this together, we get a cylinder fixed on the xz plane. It 

should look this:  

 

Another common question to be asked is finding a vector function. When it comes to identifying 

points, you should refer to my previous guide where I touch upon finding a vector equation using 

two points. For other complex shapes, you have to take different approaches. Let’s do a problem 

together (from one of Dr. Bevin Maultsby’s videos on YouTube): 

“Parameterize the upper hemisphere 𝑧 = √4 − 𝑥2 − 𝑦2.” 

Let’s try doing this without polar coordinates. Since z is already defined in terms of x and y, let’s 

just make x equal to u and y equal to v. Substituting that into z, we get 𝑧 = √4 − 𝑢2 − 𝑣2. 

https://www.youtube.com/watch?v=hAC2F7WHdKk


Looking at the equation, we see a 𝑢2 + 𝑣2 term, which signals to be we have a circle. But based 

on the 4, we know that the circle is limited to a radius of 2. Okay, but when we parametrize, we 

also need to know our bounds (will come handy later). 

So, let’s solve for one of the variables. I will do it for v, since in my mind that’s like solving for y 

(we get the below equation by setting z equal to 0 and rearranging): 

𝑢2 + 𝑣2 = 4 

𝑣2 = 4 − 𝑢2 

𝑣 = ±√4 − 𝑢2 

This means that v is bounded by the positive and negative of the square root. Okay, what about u, 

what are the bounds for it? Well, we know that everything under square root but be greater than 

or equal to 0. So, let’s work with that: 

4 − 𝑢2 = 0 

4 = 𝑢2 

𝑢 = ±2 

Therefore, u is bounded between -2 and 2. Try doing the same thing but parameterizing with 

polar coordinates. For guided help, use the video above. 

For more practice sketching parametric curves and finding vector functions, use the following 

resources: 

• Paul’s Online Notes (sketching) 

• Dr. Bevin Maultsby (finding parameters) 

• Meredith Burr (finding equations) 

• LibreTexts Mathematics (sketching, finding parameters) 

 

Parametric equations can also present key shapes that we have seen before in this course: 

surfaces of revolution and tangent planes. With regards to the former, it is based on the following 

parametric equations: 

𝑥 = 𝑥      𝑦 = 𝑓(𝑥) cos 𝜃      𝑧 = 𝑓(𝑥) sin 𝜃 

𝑓(𝑥) here is defined as the curve, which is rotated above the x-axis. Tangent planes of a 

parametric equation can be defined by the following equations: 

𝐫𝑣 =
𝜕𝑥

𝜕𝑣
(𝑢𝑜 , 𝑣𝑜)𝐢 +

𝜕𝑦

𝜕𝑣
(𝑢𝑜 , 𝑣𝑜)𝐣 +

𝜕𝑧

𝜕𝑣
(𝑢𝑜 , 𝑣𝑜)𝐤 

https://tutorial.math.lamar.edu/classes/calcii/parametriceqn.aspx
https://www.youtube.com/watch?v=gmFeGxcJ0Wo
https://www.youtube.com/watch?v=k_6ZCxnek8c
https://math.libretexts.org/Bookshelves/Calculus/Calculus_3e_(Apex)/09%3A_Curves_in_the_Plane/9.02%3A_Parametric_Equations


𝑟𝑢 =
𝜕𝑥

𝜕𝑢
(𝑢𝑜 , 𝑣𝑜)𝐢 +

𝜕𝑦

𝜕𝑢
(𝑢𝑜 , 𝑣𝑜)𝐣 +

𝜕𝑧

𝜕𝑢
(𝑢𝑜 , 𝑣𝑜)𝐤 

The first equation is obtained when we keep u constant and the second equation is when we keep 

v constant at point 𝑃𝑜. If 𝑟𝑢 × 𝑟𝑣 is never 0, then the surface S is smooth. Furthermore, the cross 

product of the two tangent vectors is a normal vector (90 degrees) to the tangent plane. As a 

reminder of how to get the tangent vector from here, you would be given a point and simply shift 

the x, y, and z values by the point. For example, let’s say we calculated the tangent plane to be 

−4𝑣𝑖 + 3𝑢𝑗 + 7𝑢𝑣𝑘 for the point (2, 8, 3) (assuming u and v both equal 1, if not, you should 

plug that in before doing the next step). Then, the equation for the tangent plane is: 

−4(𝑥 − 2) + 3(𝑦 − 8) + 7(𝑧 − 3) = 0 

There is a final helpful function parametric equations yield: they can help calculate the surface 

area of a smooth parametric surface. If a smooth parametric surface, S is given by the following 

equation: 

𝑟(𝑢, 𝑣) = 𝑥(𝑢, 𝑣)𝑖 + 𝑦(𝑢, 𝑣)𝑗 + 𝑧(𝑢, 𝑣)𝑘      (𝑢, 𝑣) ∈ 𝐷 

And S is covered just once as (u, v) ranges throughout the parameter domain D, then the surface 

area of S is 

𝐴(𝑆) =  ∬|𝑟𝑢 × 𝑟𝑣| 𝑑𝐴

𝐷

 

For a surface S with equation 𝑧 = 𝑓(𝑥, 𝑦), where (𝑥, 𝑦) lies in D and f has continuous partial 

derivatives, we take x and y as parameters, making the parametric equations: 

𝑥 = 𝑥     𝑦 = 𝑦    𝑧 = 𝑓(𝑥, 𝑦) 

making 

𝑟𝑥 = 𝐢 + (
𝜕𝑓

𝜕𝑥
) 𝐤       𝑟𝑦 = 𝐣 + (

𝜕𝑓

𝜕𝑦
) 𝐤 

The normal vector then turns into 

|𝑟𝑥 × 𝑟𝑦| = √(
𝜕𝑓

𝜕𝑥
)

2

+ (
𝜕𝑓

𝜕𝑦
)

2

+ 1 

Plugging this fact into the general equation for surface area above, we get the following: 

𝐴(𝑆) = ∬ √1 + (
𝜕𝑧

𝜕𝑥
)

2

+ (
𝜕𝑧

𝜕𝑦
)

2

𝑑𝐴

𝐷

 



For practice with tangent planes and surface area for parametric equations, use the following 

resources: 

• Tangent Plane 

o Michael Hutchings 

o Krista King 

o Brenda Edmonds 

• Area of Surfaces 

o JK Math 

o Krista King 

o Paul’s Online Notes (Examples 3 and 4) 

 

Surface Integrals 

We are almost there; this is the last section. If you haven’t already, take a break and then come 

back so we can tackle this. 

I hope you did take a small break. Now, let’s get into surface integrals. You may be wondering 

what the difference is between surface area and surface integrals. Think of surface area as 

something that tells us solely about the surface (aka only geometry), while surface integrals tell 

us a cumulative value of a function over a given surface (aka geometry and behavior of a field on 

the surface). Therefore, you would use a surface integral when you want to calculate the 

electrical charge enclosed by a surface or total rate of heat passing through a surface. Note the 

difference between surface integrals and curl and divergence. They focus on points as opposed a 

surface. The equation for a surface integral is the following: 

∬ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑆

𝑆

= ∬ 𝑓(𝑟(𝑢, 𝑣))|𝑟𝑢 × 𝑟𝑣|

𝐷

𝑑𝐴 

where the left-hand side of the equation is defined as the surface integral of f over the surface S. I 

also want to note that when 𝑓(𝑥, 𝑦, 𝑧) = 1, then you simply get the surface area.  

For any surface S with equation 𝑧 = 𝑔(𝑥, 𝑦), it can be regarded as a parametric surface with 

parametric equations: 

𝑥 = 𝑥     𝑦 = 𝑦    𝑧 = 𝑔(𝑥, 𝑦) 

making 

𝑟𝑥 = 𝐢 + (
𝜕𝑔

𝜕𝑥
) 𝐤       𝑟𝑦 = 𝐣 + (

𝜕𝑔

𝜕𝑦
) 𝐤 

And  

https://www.youtube.com/watch?v=um896UsFK-g
https://www.youtube.com/watch?v=BnJpT31ETq0
https://www.youtube.com/watch?v=ePuePJvVyPc
https://www.youtube.com/watch?v=zCN5eR9nEpE
https://www.youtube.com/watch?v=Rjwi6BnSLnk
https://tutorial.math.lamar.edu/classes/calciii/parametricsurfaces.aspx


|𝑟𝑥 × 𝑟𝑦| = √(
𝜕𝑧

𝜕𝑥
)

2

+ (
𝜕𝑧

𝜕𝑦
)

2

+ 1 

Substituting the cross product in the equation for a surface integral, we get the following: 

∬ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑆

𝑆

= ∬ 𝑓(𝑥, 𝑦, 𝑔(𝑥, 𝑦))√(
𝜕𝑧

𝜕𝑥
)

2

+ (
𝜕𝑧

𝜕𝑦
)

2

+ 1 𝑑𝐴

𝐷

 

You can easily change this equation when projecting S onto another plane. The above equation is 

for the xy plane, but, for example, the projection onto the yz plane: 

∬ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑆

𝑆

= ∬ 𝑓(𝑖(𝑦, 𝑧), 𝑦, 𝑧)√1 + (
𝜕𝑥

𝜕𝑦
)

2

+ (
𝜕𝑧

𝜕𝑧
)

2

 𝑑𝐴

𝐷

 

 

Considering the fact that surface integrals in a way intersect with a surface and a function, the 

manner in which we approach a surface can greatly influence the result of a surface. For 

example, if want to determine heat flux through an object, the perspective of facing the inside of 

a surface or looking outside the surface, can influence the value. We call this an oriental surface. 

We can look at the direction by looking at the normal vector which can be calculated in the 

following way: 

𝐧 =
𝑟𝑢 × 𝑟𝑣

|𝑟𝑢 × 𝑟𝑣|
 

If k-component is positive, one can assume that the normal vector is in the upward orientation 

(pointing away the surface). If it is negative, that means it is facing inside the surface. 

With regards to flux, if F is a continuous vector field defined on an oriented surface S with unit 

normal vector n, then the surface integral of F over S or the flux of F across S is 

∬ 𝐅 ∙ 𝑑𝑺

𝑆

= ∬ 𝑭 ∙ 𝒏 𝑑𝑆

𝑆

 

If S is given by a vector function 𝑟(𝑢, 𝑣), then we get: 

∬ 𝐹 ∙ 𝑑𝑆

𝑆

= ∬ 𝐹 ∙ (𝑟𝑢 × 𝑟𝑣) 𝑑𝐴

𝐷

 

Furthermore, if a surface S is given by a graph = 𝑧 = 𝑔(𝑥, 𝑦), we can think of x and y as 

parameters making the equation take the following form: 



∬ 𝐹 ∙ 𝑑𝑆

𝑆

= ∬ (−𝑃
𝜕𝑔

𝜕𝑥
− 𝑄

𝜕𝑔

𝜕𝑦
+ 𝑅) 𝑑𝐴

𝐷

 

For practice/further explanations with flux, oriented surfaces, and surface integrals overall, use 

the following resources: 

• Dr. Brevin Maultsby (Flux) 

• Houston Math Prep (Flux) 

• Dr. Brevin Maultsby (Parametric surfaces) 

• Brian Mulholland (Oriented Surfaces) 

• LibreTexts Mathematics (Oriented Surfaces) 

• Math with Professor V (Surface Integrals and Flux) 

• Paul’s Online Notes (Surface Integrals) 

o Additional problems 

 

That’s all I have for an Exam 3 review! I know this was a longer document, but I wanted to cover 

almost everything that y’all will be responsible for. I hope this was helpful! Good luck studying! 

https://www.youtube.com/watch?v=pxl2neHcV90
https://www.youtube.com/watch?v=DOxO7UD80No
https://www.youtube.com/watch?v=hAC2F7WHdKk
https://www.youtube.com/watch?v=agWytN6GWGI
https://math.libretexts.org/Bookshelves/Calculus/CLP-4_Vector_Calculus_(Feldman_Rechnitzer_and_Yeager)/03%3A_Surface_Integrals/3.05%3A_Orientation_of_Surfaces
https://www.youtube.com/watch?v=60qTsqZObys
https://tutorial.math.lamar.edu/classes/calciii/surfaceintegrals.aspx
https://tutorial.math.lamar.edu/problems/calciii/SurfaceIntegrals.aspx

