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Module I Review



Integration by Parts

׬ 𝑢 𝑑𝑣 = uv − ׬ 𝑣 𝑑𝑢

 When to use IBP

 Polynomial times something else (ex. 𝑥𝑒𝑥, xlnx, xsinx)

 Logarithm or inverse trig function (ex. lnx, arctanx, arcsinx)

 A product where:

 one part (u) gets simpler when differentiated (ex. 2x^2)

 the other part (v) is easy to integrate (ex. 𝑒𝑥)

 How to choose u (LIATE)

 1. Log → lnx

 2. Inverse Trig → arctanx

 3. Algebraic → x, x^2

 4. Trig → sinx, cosx

 5. Exponential → 𝑒𝑥



Integration by Parts – Table Method

 Need to integrate more than once? Use this (HUGE time-saver):

Sign Differentiate Integrate

+ u dv

- u’ v

+ u’’ ∫ v

- u’’’ ∫∫v

+ … …

+

-

+

-

STOP once u column = 0

• Green arrow → Multiply 

terms together by +1 or -1



Integration by Parts - Example

׬ 𝑢 𝑑𝑣 = uv − ׬ 𝑣 𝑑𝑢

 1. Integrate ∫ x² lnx dx



Integration by Parts – Longer Example

׬ 𝑢 𝑑𝑣 = uv − ׬ 𝑣 𝑑𝑢

 2. Integrate ∫ x^3e^xdx



Integration by Parts – Longer Example 

w/ Table Method

 2. Integrate ∫ x^3e^xdx

Sign Differentiate Integrate

+ x^3

- 3x^2

+ 6x

- 6

+ 0 (stop)

+

-

+

-

• We get the same answer 

but WAY quicker



Integration using Trig Identities

 Useful trig identities  4 cases

 Odd powers (ex. sin^3(x))

 Even powers (ex. cos^2(x))

 Mixed trig powers (ex. sin^2(x)cos^2(x))

 Products (ex. sinxcosx)



Odd Powers Case



Even Powers Case



Mixed Trig Case

Substitute back in

1st Identity

2nd Identity



Trig Products Case

Now u-sub can be used with u = 2x



Integration by Trig Substitution

 Used for integrals that contain these three cases



Integration by Trig Substitution – tan case

 Integrate

Save for later

Original:

Now:

=

Simplify + Integrate:

From triangle (SOH-CAH-TOA):

Plug in x

Find x

Draw triangle

Sub in x & dx

Use triangle



Integration by Trig Substitution – sin case

 Integrate

In terms of theta now, 

so change bounds!

= So,

Plug in

Identity:



Integration by Trig Substitution – sec case

 Integrate

From triangle (SOH-CAH-TOA):

=



Integration by Partial Fractions

 Used for integrals of the form

 Where degree of Q(x) > P(x)



Integration by Partial Fractions - Example

 Integrate
Factor denom.

Linear Irreducible quadratic

So,

Mult. everything 

by original 

denom.

=

Group like terms (x², x, constants)

Compare with numerator

We get 

the 

system:

Simplify and integrate 

from here



Integration by Partial Fractions – Example continued

From last slide:

u-sub with

arctan case:

Note: This example is as 

bad as it gets, you 

shouldn’t see anything 

this hard on an exam!



Numerical Integration

 Used to approximate integrals (aka area under the curve)

 5 methods → LHS, RHS, Midpoint, Trapezoidal, Simpson’s

Drawing credit: Property of Dave T. McArdle, Calculus II Lecture Videos, University of Connecticut Department of Mathematics



Numerical Integration – LHS & RHS

• f(x) increasing → Underestimate

• f(x) decreasing → Overestimate

• f(x) increasing → Overestimate

• f(x) decreasing → Underestimate

Drawing credit: Property of Dave T. McArdle, Calculus II Lecture Videos, University of Connecticut Department of Mathematics



Numerical Integration – MR & TR

• The average of LHS and RHS

• f(x) concave up → Overestimate

• f(x) concave down → Underestimate

• f(x) concave up → Underestimate

• f(x) concave down → Overestimate

Drawing credit: Property of Dave T. McArdle, Calculus II Lecture Videos, University of Connecticut Department of Mathematics



Numerical Integration – Simpson’s Rule

• Area under multiple parabolas

• Typically most accurate method

• Uses 3 points per parabola (left, mid, right)

Drawing credit: Property of Dave T. McArdle, Calculus II Lecture Videos, University of Connecticut Department of Mathematics



Numerical Integration – Over or Underestimate?

Drawing credit: Property of Dave T. McArdle, Calculus II Lecture Videos, University of Connecticut Department of Mathematics



Numerical Integration – Error

Drawing credit: Property of Dave T. McArdle, Calculus II Lecture Videos, University of Connecticut Department of Mathematics



Numerical Integration – Simpson’s with Error example

 Approximate                  using Simpson’s Rule with n = 4 and find an error bound

Where K = the 

maximum value 

of the fourth 

derivative of f(x) 

on [0,1]

n = 4:

f’’’’(0) = e^0 = 1

f’’’’(1) = e^1 = e

e is the max on 

[0,1], so K = e

b = 1

a = 0

K = e

n = 4

Plug into formula

*fine to leave as is, 

after simplification 

you get 0.000059

Great, what does this mean?
This means that our approximation using 

Simpson’s Rule is within 0.000059 of the 

true value, with n = 4



Improper Integration

 Improper integral: An integral that either has an infinite interval or an 

integral that “blows up” infinitely somewhere due to a discontinuity

 Key idea → Break up integral into 2 parts and rewrite as limits!

 2 types:



Improper Integration – Infinite interval example

 Evaluate

The infinity in the upper 

bound is an issue, so we have 

to rewrite it as t, and take 

the limit of the integral as t 

approaches infinity

Rewriting the integral with a 

limit and b = t, we get:

So,

As t → infinity, the left term in 

the parentheses goes to zero

= 1
Therefore,

= 1



Improper Integration – Discontinuity example

 Evaluate

The square root function in 

the denominator is an issue at 

x = 0, so we must rewrite 0 as 

t and take the limit of the 

integral as t approaches zero

(from the positive side only 

to avoid imaginary numbers)

Rewritten:

So, = 2

= 0

Therefore,

= 2



Good luck 

studying!
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